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Abstract
Using elemental methods of Topology, theory of degree and theory of metric continua, we prove a new version of the theorem
of Leray–Schauder. It provides the existence of arc-connected set of solutions. This result may have a lot of applications in a large
variety of problems. Although the assumption of the theorem is not easy to verify in practice, this theorem could be an important
tool to prove not only the existence of set of solutions but also the existence of a set of solution which is homeomorphic to the
interval [0,1] ⊂ R.
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1. Preliminaries and notation
Let X be a real Banach space, let Ω be a bounded, open subset of X and let Φ = I −T be, where I is the inclusion
map of Ω into X and T :Ω → X is compact.
We consider the degree of Leray–Schauder. We will use the following notation
deg(Φ,Ω,b), where b ∈ X \Φ(∂Ω).
Let u0 ∈ Ω be. If u0 is an isolated solution of the equation Φ = I − T , we denote the index of Φ relative to u0
by i(Φ,u0).
Now we are going to consider a theorem of Leray and Schauder. We need some previous considerations:
Let X be a real Banach space, let Ω be a bounded and open subset of X, let a < b be and let T : [a, b] × Ω → X
be a compact map. For λ ∈ [a, b], consider the equation
Φ(λ,u) = u− T (λ,u) = 0, u ∈ X. (1)
Sometimes, to put in evidence the dependence of (1) on λ, we refer it as (1)λ. Observe that T can be seen as a family
of compact operators
Tλ(u) := T (λ,u), u ∈ X.
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Σ[a,b] =
{
(λ,u) ∈ [a, b] ×Ω: Φ(λ,u) = 0}.
Sometimes we will identify Σ with Σ[a,b].
We use the notation Σλ for the λ-slice, i.e.
Σλ =
{
(λ,u) ∈ {λ} ×Ω: (λ,u) ∈ Σ},
Σ˜λ =
{
u ∈ Ω: (λ,u) ∈ Σλ
}
.
We denote by n(λ) = card{u ∈ Ω: (λ,u) is a solution of (1)λ}.
Now, we consider a well-known result traditionally attributed to Leray–Schauder about the existence of solutions
and about the existence of a connected set of solutions.
Theorem 1.1. (See Leray and Schauder, 1934 [4].) Assume that X is a real Banach space, Ω is a bounded, open
subset of X and Φ : [a, b] ×Ω → X is given by Φ(λ,u) = u− T (λ,u) with T a compact map.
Suppose also that
Φ(λ,u) = u− T (λ,u) = 0 ∀(λ,u) ∈ [a, b] × ∂Ω
If
deg(Φa,Ω,0) = 0,
then
(i) (1)λ has a solution in Ω for every a  λ b.
(ii) Furthermore, there exists a compact connected set C ⊂ Σ such that
C ∩Σa = ∅ and C ∩Σb = ∅.
2. The results
Lemma 2.1. (See [2–6].) Let (M,d) be a compact metric space, let A be a connected component of M and let B be
a closed subset of M such that A∩B = ∅. Then there exist compact sets MA and MB satisfying
(1) A ⊂ MA, B ⊂ MB .
(2) M = MA ∪MB and MA ∩MB = ∅.
Remark 2.2. As a consequence, if A y B are closed subsets of the compact metric space M , then, there exists a
close, connected set of M that connects A and B or M = MA ∪ MB , where MA and MB are compact subsets of M
containing, respectively, to A and B .
In the following we will see two results about the existence of connected set of solutions. We will obtain two
interesting corollaries combining these results jointly with Theorem 2.6.
Proposition 2.3. Let U1,U2, . . . ,Ur ,V1,V2, . . . , Vs ⊂ X be bounded, open sets, Ui1 ∩Ui2 = ∅ if i1 = i2, Vj1 ∩Vj2 = ∅
if j1 = j2, and let a < b ∈ R be such that (1)a has no solutions in X \ (⋃1ir Ui), and (1)b has no solutions in
X \ (⋃1js Vj ). Let us suppose that there exist a constant M > 0 such that (1)λ has no solutions in X \ B(0,M)
provided that λ ∈ [a, b] and suppose that Σ[a,b] ∩ ({a} ×Ui) is connected ∀i = 1,2, . . . , r and Σ[a,b] ∩ ({b} × Vj ) is
connected ∀j = 1,2, . . . , s. If∑
i∈R
deg(Ui,Φa,0) = 0 ∀R ⊂ {1,2, . . . , r} (R = ∅), and
∑
j∈S
deg(Vj ,Φb,0) = 0 ∀S ⊂ {1,2, . . . , s} (S = ∅)
then
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and Ci,j ∩ ({b} × Vj ) = ∅.
(ii) ∀j ∈ {1,2, . . . , s} ∃i ∈ {1,2, . . . , r} and a compact connected set Ci,j ⊂ Σ[a,b] such that Ci,j ∩ ({a} × Ui) = ∅
and Ci,j ∩ ({b} × Vj ) = ∅.
Proof. Consider Ui where i ∈ {1,2, . . . , r}. We use the following notation Υi = ({a} × Ui) ∩ Σ[a,b]. We argue by
contradiction and assume that the theorem is false. Suppose there does not exist a compact connected set Ci ⊂ Σ
such that Ci ∩ Υi = ∅ and Ci ∩ Σb = ∅. Using the last remark with A = Υi and B = Σb we deduce that there exist
disjoint compact MA ⊃ A and MB ⊃ B such that Σ[a,b] = MA ∪ MB . It follows that there exists a bounded open set
O in [a, b] × X such that MA ⊂O, Mb ∩O = ∅ and T (λ,u) = u for u ∈ ∂Oλ, with λ ∈ [a, b]. (We are denoting by
Oλ = {u: (λ,u) ∈O} we allow Oλ to be empty.)
Let λ∗ = sup{λ ∈ [a, b]: ∃u with (λ,u) ∈ MA} be, we have that λ∗ < b and deg(Φλ∗ ,Oλ∗ ,0) = deg(Φλ,Oλ,0) = 0
where λ ∈ (λ∗, λ∗+ε) for some ε > 0, owing toO is open and the general homotopy property. Note that there is no so-
lution inOλ with λ > λ∗. So we have that deg(Φλ,Oλ,0) = deg(Φλ∗ ,Oλ∗ ,0) = 0 ∀λ ∈ [a,λ∗] ⇒ deg(Φa,Oa,0) = 0.
(1)a has no solutions in ∂Oa . If (ProjX(Υi)) ∩Oa = ∅ then (ProjX(Υi)) ⊂Oa because Υi is connected by hypoth-
esis. So there exists a set R ⊂ {1,2, . . . , r} such that (ProjX(Υi)) ⊂ Oa ∀i ∈ R, and (ProjX(Υi)) ⊂ X \ Oa ∀i ∈
{1,2, . . . , r} \R. So we have that deg(Ui,Φa,0) = deg(Ui ∩Oa,Φa,0) for i ∈ R. On the other hand, we have that
0 = deg(Oa,Φa,0) =
∑
i∈R
deg(Ui ∩Oa,Φa,0) ⇒
0 =
∑
i∈R
deg(Ui ∩Oa,Φa,0) =
∑
i∈R
deg(Ui,Φa,0).
But this is a contradiction since
∑
i∈R deg(Ui,Φa,0) = 0 by hypothesis.
Similarly it is proved the case (ii). 
Remark 2.4. Note that the second degree assumption is not needed to prove (i).
Proposition 2.5. Let U1,U2, . . . ,Ur ⊂ X be bounded, open sets, Ui1 ∩ Ui2 = ∅ if i1 = i2 and let a, b ∈ R be such
that (1)a has no solutions in X\(⋃1ir Ui), and (1)b has no solutions in X. Let us suppose that there exist a constant
M > 0 such that (1)λ has no solutions in X \ B(0,M) provided that λ ∈ [a, b] and suppose that Σ[a,b] ∩ ({a} × Ui)
is connected ∀i ∈ {1,2, . . . , r}. If∑
i∈R
deg(Ui,Φa,0) = 0 ∀R ⊂ {1,2, . . . , r} such that 0 < card(R) < r,
then there exists a compact connected set C ⊂ Σ[a,b] such that C ∩ ({a} ×Ui) = ∅ ∀i = 1,2, . . . , r .
Proof. The proof of this proposition is very similar to the previous one. 
Now we are going to see the main result of this paper. The result is about the existence of arc-connected set of
solutions joining ua with ub with the conditions of the theorem of Leray and Schauder, namely; degree is not zero
and there is not solution in the boundary. The theorem of Leray and Schauder predicts the existence of connected
compact set of solutions. Introducing another condition it is also possible to prove the existence of a arc-connected set
of solutions.
Theorem 2.6. Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ : [a, b] × Ω → X is
given by Φ(λ,u) = u− T (λ,u) with T a compact map.
Suppose also that
Φ(λ,u) = u− T (λ,u) = 0 ∀(λ,u) ∈ [a, b] × ∂Ω.
If
deg(Φa,Ω,0) = 0 and n(λ) < ∞ ∀λ ∈ [a, b]
then there exists a homeomorphism α : [a, b] → α([a, b]) ⊆ Σ[a,b], such that α(a) ∈ Σa and α(b) ∈ Σb .
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in [6], it suffices to prove that any component C of Σ = Σ[a,b] is locally connected.
We use the notation of [6]. If C is not locally connected, then by Theorem 1.10.3 in [6], there exists a nontrivial
continuum W contained in C and continua Wn contained in C such that all the Wn and W are disjoint and Wn tends to
W as n tends to infinity in the sense of [6]. Let P be the natural projection onto the λ factor. Thus PW is a connected
compact subset of R and hence an interval [d, c]. It cannot be a single point d since otherwise there would be infinitely
many solutions for λ = d (W is a nontrivial continuum). Choose f with d < f < c. Since Wn tends to W as n tends
to infinity, for all large n, there exists (xn, rn) in Wn with rn close to d . Thus, for all large n, rn < f . Similarly, for all
large n, there exists (yn, sn) in Wn with sn > f . But, as above, PWn is an interval. Hence f is a member of PWn, i.e.
there exists (zn, f ) in Wn for all large n. Since the Wn are disjoint, x = A(x,f ) has infinitely many solutions. This
gives a contradiction and so C is locally connected. 
The conclusion is also true if we work with analytic maps from X × R to X, where the assumption is often easier
to verify. This is shown by proving Σ is locally connected. This follows from a slight variant of a result in [1].
Now we are going to see two corollaries that combines the previous results. We use the notation Σ˜λ for the λ-slice
projection ProjX(Σλ).
Corollary 2.7. Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ : [a, b] × Ω → X is
given by Φ(λ,u) = u− T (λ,u) with T a compact map.
Suppose also that
Φ(λ,u) = u− T (λ,u) = 0 ∀(λ,u) ∈ [a, b] × ∂Ω.
If
(i) deg(Φa,Ω,0) = 0 and n(λ) < ∞ ∀λ ∈ [a, b],
(ii) ∑v∈R i(Φa, v) = 0 ∀R ⊂ Σ˜a (R = ∅),
(iii) ∑v∈S i(Φb, v) = 0 ∀S ⊂ Σ˜b (S = ∅),
then
(i) ∀v ∈ Σ˜a ∃w ∈ Σ˜b and a compact arc-connected set Cv,w ⊂ Σ[a,b] homeomorphic with [0,1] such that Cv,w ∩
({a} × {v}) = ∅ and Cv,w ∩ ({b} × {w}) = ∅.
(ii) ∀v ∈ Σ˜b ∃w ∈ Σ˜a and a compact arc-connected set Cw,v ⊂ Σ[a,b] homeomorphic with [0,1] such that Cw,v ∩
({a} × {v}) = ∅ and Cw,v ∩ ({b} × {w}) = ∅.
Remark 2.8. It is easy to prove the last corollary using the same ideas of the proofs of Theorem 2.6 and Proposi-
tion 2.3.
Corollary 2.9. Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ : [a, b] × Ω → X is
given by Φ(λ,u) = u− T (λ,u) with T a compact map.
Suppose also that
Φ(λ,u) = u− T (λ,u) = 0 ∀(λ,u) ∈ [a, b] × ∂Ω and Σ˜b = ∅.
If
∑
v∈R
i(Φa, v) = 0 ∀R  Σ˜a and n(λ) < ∞ ∀λ ∈ [a, b]
then there exists a compact arc-connected set C ⊂ Σ[a,b] such that C ∩ {v} = ∅ ∀v ∈ Σa .
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